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Lct p dcnotc a nxcd prilne number.  The Brown‐Pctcrson ring spcctrum BP at the
pril■e p gives risc to thc Hopf algebroid
(И,Γ)=(】P*,】P*BP),
and  thc  BP*‐homology  thcory  with  thc  cocmcicnt  ing  】P*=π*BP
=Zψ)[υl,υ2,・…](げ[8],scc alSO S2).The BP*‐homology】P*ズof a spcctrumズ
turns into a r‐c mOdulc,  Wc can consider homological algcbra over thc Hopf
algebroid,  We shall dcnotc
r*'*豚=ExtⅢ*(ス,M),
thc dcr?d functor of HomxИ, ),fOr a r‐comOdulc M(げ§2),Onc Of the typical
cxamplcs of ttght r‐comOdulcs is 1/ちfOr eaCh η≧O whosc structurc map is thc
induced one from thc right unit ηR Of thC Hopf algcbroid.  Hcre rヵ dcnOtcs thc
invariant p?me idcal(p,υl,・いぅυヵ_1).ThC TOda―Smitt spectrum 7骸)for η≧-l iS
derlned tO be the onc satisfying
BP*7(つ=И/r“+1,
which is known to c?st if η≦3 and p≧2η+1(7(-1)=S,thC spherc spcctruml
([13],[14]),We havc thc Adams‐No?kov spectral scqucncc convcrging to the
homotopy groups π*7(けwith
E占'*=打*'*】P*71η).





In thcir paper[2], WIinCr, Ravcnel, and Wilson constructed the chromatic spectral
scquenccとom the family(N;,M'},WhiCh COnvcrgcs to the E2~term of the above
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in thc following cases:
α)ι≧0,S=1, and η=O at any primc p,
b)ι=0,S=1, and η≧O at any primc pぅand
C)ケ=0)S=2, and η=O at an odd primc p,
by using thc results in thc cascs:
冴)ι≧0,S=0, and Ю=O or l at any primc p,and
θ)ι=0011,S=O and η≧O at any primc p
dctermined by Ravcncl[7](げ[8]).For other modulcs,thc author dctermincd the
El―term in thc casc:
C)′ ι=0,S=2, and η=O at the prime 2
in [9], and in the case:
デ)ナ≧0,S=1,and η=l at a prime p>3
in [10]by using thc rcsult
デ)′ ι=1,S=1, and η=l at a primc p>3
givcn in [12]・
In this papcr wc dctcrminc thc Elicrm打lM】at a p?mc>3 by using thc short
cxact scqucncc O→″:→νを4νち→ O and thc dctcrmincd modulcs fr'ν!fOr'
=0,l and 2.  Since this is thc El‐tcrnl,、vc gc  somc inforl■at on about its E∞‐tcrnl,in
othcr words, the E2‐terni of thc Adams‐Novikov spcctral sequence convcrging to
π*7(1)。As an application,we apply thc arst rcsults on thc chromatic El―term to give
somc fam?cs of non―trivial elements of thc homotopy groups π*7(1)of thC TOda―
Smith spcctrum 7(1)relating to thc product of a βぃclcmCnt and a γ―clcment of π*S.
§1・ Statement of resuits
Bcfore stating our rcsult,wc bcgin、vith prcparing somc notations,  Wc dcnote the
polyno■lial algebras
(1.1)      ん(η)*=Z/p[υИ]and K(η)*=Z/p[υИ,υ√1],











(1,3)      ッ(lcl=max{猾:p“|た}α々′ 3(た)=21(1-(-1)り
Recall[11,(3.3.2)]thc intcgcrs
,(')=ダ+(p-1)(p:~1-1)/ψ2_1)for Odd'≧1,and
=pα(テ ー1)         fOr CVCn,≧2;
(1.4) b(テ)=P'21p2+フ+1)     fOr,≧2;
C(')=pど-2υ2_p_1);and
9(')=(p:-1)/(p-1);
for cach non‐ncgativc intcgcr ,,  We further preparc intcgcrsi
九(た)=2       ヵ′んψ′チカp才た(カー1),
=2p      沃/ん="p+1″デチカp/,(傷-1),
=α(′)+1    カ′た=傷p′+9(ケ)ψ′力′9υθ乃≧2,αη′p/クー 1,οr
力rた=,pど+l17ゴチカチθυ留≧2 αη′p才夕,
=α(子)+2      ヵrん="p】+9(ι)ψ′√カチο】″≧3α刀″p/rター 1,
=α(′)+p       折9′ た=クp'+l With′ο冴冴≧3α乃ブp/",
=p+1     カ′ん=,pリデ√力p/傷,
(1.5)   =b(オ)-1    】/た="p:14/′√力′=2,4,prT′p才ク,
=b(′)一p+1   カ′ん=,P'リカカケθ冴″≧3α刀プp/",
=b(J)一p       力′た=クpι リカカチ?υ?乃≧6 αη′p/";
μ(た)=2       ヵrたリカカp/た(た+1),
=2p       テノた=タフ17デチカp/r,(,+1),
=2α(′)一p+l  X/た=,pι ψカカ′?υ?η≧2,α刀プP/傷(ク+1),
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=2α(′)一p+2   ヵ′た=,pιリカカ′θ冴″≧3,αηプp/r"('+1),
=(p-1)α(r+1) 力rた=(夕pι+p2_1)pr崩チカr≧Oα刀プケ≧2;and
万(た)=α(子)      テ/た=,pιリカカp/".
Wc arc now ready to statc our main result of this papcr.















Lct S dcnotc thc sphcrc spectrum localized at thc primc p,αl GπηS(9=2p-2)be
thc Hopf invariant onc clcmcnt(げ[8])クand COnsider thc γ‐famili s(γtti S≧1}and
(7仏′/刻:S≧1)in π*7(1)fOr a p?mc≧7 given by results of Toda[14]and Oka
[4].Then TheOrem A and a standard argumcnt of spectral sequences imply





力ιr pttS+l οr p21s+1.
By a rcsult of Smith[13],we alSO havc thc βぃclcmCnts βl,β2and β3 0f e stable
homotopy π*S for a prilnc≧5.  Using a proposition、vhich appcars whcn we provc
Thcorcln A brings anothcr inlorl■tion to sh w the fono、ving
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§2.Some elements of υJl BP*
In this scction and the next wc sct the priine p odd.  Lct BP denotc thc Brown―
Petcrson spectruna BP at a prilnc p.  Then we havc thc Hopf algebroid
(И,「l=(BP羊,BP*BP)=(Z(p)[υl,υ2,・…],BP*[ιl,ι2,'…])
(lυ,|=|ち=2pど-2)with thC right and thc lcft units ηR,η上:И―>鳥thC COproduct
z:Γ→rOИtt thC COunit εi r→И and the cottugatiOn c:Γ→Γ(り:[8])ThcSC
structurc maps are charactcrizcd by: εηR=εηL=1か (lΓ① ε)Z=(8 ① lrlZ
=lr,(lΓ① Z)Z=(Z(⊃lrlZ,CηR= L,CηL=ηR and CC=lΓ.The explicit formulac
lor this Hopf algebroid will appcar later whcrc thcy are needed.
A(right)И―mOdulc′И is said to be a(right)「‐COmodulc′И if thcrc c?sts a counitary
and coassociativc(right)И■ near map ψ:ν→M OИrク テ?.,И_lincar map ψ with
(lM① ε)ψ=1″(WhiCh denOtcs thc idcntity ofれr)and(lM① Z)ψ=(ψ ① lrlψ.
We notc hcrc that we havc ZηR=(ηR ① lrlηR fOr thc Hopf algebroid(■,Γ)
=(BP*,BP*BP)and SO И iS a r―comOdulc with thc structure map ηR((ア[8]〉
Lct洵「be a r―comodulc with thc structurc map ψ,ThCn hc cobar complex
(Ω
*'M,冴*)iS a pair Of cOmodules g?cn by
(2,1) Ω′ν=ν ①ИΓoス…①ИΓ










for 附∈ν, χ∈ΩlИ and ノ∈Ω′~lИ.Herc wc note that Ωι′y=んr①ИΩιИ as a
comodulc.Thc cohomology of the complex係≧*M,冴*)is denOtcd by
(2,3) rr*ν=Extl(И,M),
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(2,4)      rた=(P,υl,・ ,υl l)αカププ(え)=lp,υl,ち),
サル 肋υα′力ヵど,″αみσθttθr,チ9′妙 ′力θ θυθり印rり.
Wc rccall[11]the dennitiOn of thc clcmcntsクれ,,of И,andりμ,,of ΩlИИ:
(2.5)[11,(2.8)]    材.,。=υ
「
lβ狩プ Σ ,十ゴ=r υI十,ク為 =O fOf r≧1,
which inductively gives










Thc relation bctwcen thcsc clements isi








by using thc notations given in (1.4),(2.4)and (2.8), and CSpccialy wc have
(2.11)     IVt=ケt andり乞三υ夕:+1_υ2。ち~υ3E mOd r2
by(2.8)and(2.5)。Thc冴1-imagc is:
冴lW;≡―υttr~1417'l①T 2 mOd J(P/~1+pr-2)αη五
(2.12)   ,lwζ
=_υち
2り乞①ヶィー υち2+pι:① ι2+♭O mOd r2
which is obtaincd from
(2.13)[11,PrOp.2.3]l Яθ′ οdカカ9肋′?σ9rd ηαヵプ′リカカη≧2,
l ln this prOpOsition of[11]the deanition oF C.,must be changed to υ河_lC“,「 ≡Иォェ_1-zr“ι_l mOd r“_1,
and C(■)in(2.12)oF[11]muSt be replaced by C(ヵ)′=C(つ十Z/P(υ
“
_1)[ιl,ι2, ]・























PROOF. In this proof wc use thc abbreviation,メ="2,r・ Ifた=0,thcn υす1)"。
=lGИ3・ By dcanition(2.5),we haVe
クt=υすた+1)2κ=_Σ:=l υ2+,υ夢'~1""解4,
which belongs to И3 undCr thc induct? hypo hesisらc И3 fOrデ<た.This shows thc
arst statcmcnt by induction.  We also have a sil■ilar cquanty
,,=υ夢た+1)クた=_Σ:Ξよυ夢た~ι~1カi+1,tυZIた_,
by(2.6). ThiS ShOWsク々=一 υζ
た と,'l mOd J(pた1),and SO inductivcly wc obtain
(2.15)           ィ=(-1)r_sυび″
~°
'S"`mOd Jlpり,










as dcsircd.  Use the congruencc
堪=―υ:ク1-υヨυ4mOdデlp+1)
instcad of(2.15)to gct thC Casc for r=3.                   q.e.d.




(2.16)[3,Th.6.2.■1]      冴。,“,“=ζヵ―ζ:mOd r打
for猾≧1,which is one of gcncrators of πlMP([7],げ[3])(scC(4.1)偽r the dcnnition
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Of MP), In particular wc havc
(2.17)[2,Prop.3.18]ζ2="Oι2~材8じケ二十 傷1ケ:=―クOC才2+W2∈Ω142/r2,and冴。ク2,2
三ζ2~ζち・
In[11]ぅWC farthcr dcnne the clcmcnts/f of И3 tO Satisfy:
PROPOSIHON 2.18([11,PrOp.3.1]〉




冴0ズ,こυ2ぞ=υ2υ3971                 '=0,
=υttυ:~1'1-υち+lυζ 172          '=1ぅ
=υ夢動/:~1ケ:―υ雰動υζ2)(υf lケ2~力ζ)      '=2,
=υが3)〆】l ιl―υ雰勤ズΥ動(W2+υデlι2~C~レ'43)'=3,










§3. Some elements of υJl BP*】
In this scction thc prilnc p is also odd and 、ve also usc thc notation given in
(2.4). We shal1 8?C thC clcmcnts which will gcncratc our El‐term.
Hcreafter we use same notation for both a homology ciass and its rcprescnting





(3.1)     た,=2ιゲ① ιr・1+ぞ①ケ:ダ+1,αηプ
島=み…XO珪研―シ∬上
。f Ω243(■3=υ『
lBP*)・WC rcmark hcrc that(た,hcrC)=-2(た,in[7]).Let K(3)*




θψカカ rθ サル K(3)*―υじOο′ψαじθ Ψα乃刀?′妙 ′力?




Wc also havc thc cyclcs
(3.3)   σt=2cιゲ①ぞ+ιr+l①′:メαη′たt=2ぞ+l① cゼ+靖メ+l①ぞ
which arc homologous to σ, and た, in Ω2И3/」(1), rcspectively, whcrc c dcnotes thc
COttugatiOn and its cxplicit formulac arc:
(3,4)[げ7])cヶl=―′1,猾プす2=ケ:+1-ι2・
In fact, wc havc thc clcmcnts
G,=2ιちittfi―ι?pFtt PI+l α刀琺(3.5)           K,=2ι
ゲぞ+1-ιT+2∬+1
such that
(3.6)       冴lC,三σl―σ,mOd r2 α乃′冴lK,こた;―た,mOd r2・
This can bc chcckcd by thc rlrst two cquahties of the follo、ving i




Denne clements Pr,,and P,,,for r≧2 and,=0,l of ΩlИ3 and rt fOr ι∈Z by
P2,0=じι2ηRυ3~υ2ιlιち+υ2ι3~υBG。,
2P2,1=ι?クηRυ3~2υ2ι:ι二十υちι?″+1,
(3.9)   Pr,,=υζr~2),P2,カ
P,,】〓Pr,+(-1)″イι:ε°七 αη′
rr=ズtυ3ケf tt υ2υ?θιち+(と-1)υttχlケ2~ιυ】+lυ?~クCケ:.
Herc thc clcmcnts w,andりt arc thOSe given in(2.101.Then we have following lcmmas.



















Wc also havc υ2軽~ケfηRυ3=Z+υちCι2 rnOd r2 by(2.17).HcrC We havc Landwcbcr's
formula:
(3.12) ηRυ刀=υИ tt υ“_1ケギ
ユー υ:_lιl mOd r“_1,
Note that thc structurc map of thc r‐cOmOdule И3 iS C one associatcd to thc right
unit ηR:И→Γ Ofthc Hopf algcbroid.Thcn a routine calculation with(3.12),(3,7)and
(3.4)bttngS thC casc r=2. For r>2,use the congruence
り;三(-1)/Sυζ/~。フ3 1wξ mOd JttS l)


















―ケυちυ∵~Pυ4+(:)υttp∵~2コー lυЙ, WC COmputc
冴1ズtυ3ケI=ξl+ξ2+ζ3+ξ4~ζ5mOdデ(2p+1),
where ξl=υ2ぱケ12①す1,ξ2=(ι~1)υttυ∵ιl ①ケ:,ξ3=ケυち+lυ∵~PCιち2①ι:,
















modプ(2p+1)C01lCCt terms and we obtain the lemma,q.e.d.
The Chromatic El‐term汀lMぢ
Lct χ bc an clomcnt of И3=υξlおP*Such that
(3.14)        冴。χ=υちυιr mod′(α+た)
lor somc υ∈И3 and nOn‐ncgativc intcgcrs ,, α and たwith rr≧c, and dcrlno clements
∂χS,ρχ,p‐χ, βχ and σsχ Of ΩlИ3//2 by
∂χS=冴。xS tt SXS~ク
+1'Oχク~1,υ
ちρχ =υちυι:こ ― 冴OX,
(3.15)       pυちρχ=pυちχ'lυチ:I―冴。χク+(冴。χ)P,
βχ=χP~lυケ:'一ρχ,αガ σs=xSι:1+2 1sυちχS lυす争pi,
Here ρχ and ρχ arc both well denned since the maps
υち:Ω lИ3/f2~→ΩlИ3/r2and pυ:~lυち:Ω lИ3/f2~→ΩlИ3/(p2,υ:)
are monomorphic.  Furthcrmorc, if υ=wp-1, then Wc dcanc
(3,16)                 τsx=WS班:+SWS~'+lρχ.
Thcn,
LEMMA 3,17. Jθr′力θ αbου?θル胸θ刀ぬ,りθ 力αυι チカどy♭〃。ψttσ力 Ω*И3:
ω評=↑ウンぬ虚T md理,十軌
(b)冴lρχ=冴。υ①ι:I mOd r2,
(C)'lTsχ=∂wS ①ぞ+s'。wS~p+l ①ρχmod f2,αη′






PROOF。(a)f0110Ws immcdiatcly from the equality冴。/r=1/+'。/〉―ズr for any
integerヶand clcmcnt/∈И3,givcn by the deanition(2.2)of冴。,Sincc(lM① Z)ψ
=(ψ①l「lψ,the deanition(2.2)also implies that冴1,。r=O for ycИ3,and hat
'17電
i=冴




by(3.12)and(2,41.Usc thCSC cqualitics to vcrify(b)and(C).Noticc that
,lχS≡sυちχS l(υιr―ρχ)mOd J(2,)and'lι?メ=-2′T①ぞmod(p),and we have
ldl,WC furthcr have冴1(冴。7)ク=7。均'①l-9。/①l+l①冴。71″+l①9。71p Sincc
Z冴。/=冴。7①l+l①冴0 7 fbllowed from冴1,。r=0, Notidng thc cquality l ① υ
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=υ ① l g?Cn by thc hypothcsis冴。υ=0,wc havc p~1,1(冴。x)P tt υγυpbι modデ(αp
+た), COmbining thcse givcs(e)and(f).For(b)and(c), WC alSO COnsider thc
monomorphisms υちand pυ:~lυちaS We denne thOsc elemcnts.          q.e.d.
Wc ncxt considcr thc following clcmcntsi
2ω3=2ψζ+υE2υ3暗P~υ夢3)-lι?P+1_υ互2+lGl_υち2+pK。,
(3.18)   Zs=2(ω3~υ野2)-lι:ι2)ηR/琴S'2七αヵプ
r4,s=σs/4~4~l sυびつ~Щ2)(zs_2υ雰2)-2-lυ争OP2,1)
for an intcgcr s and thc intcgcri
(3.19)         c(S,テ)=SP'一p'1-p'2.




LEMMA 3.21. 冴lZs ttυ野2)υgs,4)(υ豚ク91+3υデ1た。-2υデコ
~lZ①ι:)mOdプ(b(2))αヵプ
冴174,s三-3Sυ夢。 lυ争つた。modプ(b(4)〉
PROOF.  Noticc that
ω3三―υζりち+υ場(υ:ケ:+1_υ4ι:)mOdブψ+1)
by Lc■1lna 2.14 and
χrs,3)-1=υζS,41~P+υちυζS'41-22-lυ4 mOd J(p+1)
by deinition in Proposition 2.18, and 、vc havc
/rs,3)lω3=~υζS'41wち十υちυζS'41才:+l mOdJ(p+1)(by(2.11)),
=―υζS'41蓼+υちυζS'4),2 mOdゴlp+1)(by(2.17)),












by(3.11).Adding thesc shows thc arst congruence ofthc lcmma, In Lelnma 3.17(d),
take χ=/4,and Wc scc α=α(4),た=p3_1,υ=ズζ~l and'=l by Proposition
The ChrOmatic El‐term打lM】
1            2.18. Thercforc wc obtain
l           冴l σsズ4三 十 Sυ」
勾~'lυ
ζ
S'①Z ① ι:-2~lsυ琴つ lυζ
S'0た
。 mod J(b(4)),
and so wc havc thc last congrucncc by LcHllna 3.10.                       q.c,d.
I             Wc Furthcr consider the clcmcntsノ
,Of И=BP* dcancd by
ノ2=υ3,ノど=ノr2+υヂ~3ヵ2_lυ3 fOr CVcn,≧4,and
l               光=ノ±l fOr Oddテ≧3.





Wc lastly deine elemcnts ωr fOr r≧4 of Ωlス3 by
(3.23)     ω/=(-1)r+1(り,―υ丁
~1~pr 4wヶ
_lηRノr-2)十υび″~1)Pr_1,c(″).
Thcn we have thc foIIowing by(2,12),Lcmmas 3.10,3.22 and(3.11)





Hcrc thc primc p is greatcr than 3,Wc also use thc notation (И,rl
=(BP*,】P*BP).
ノ4 is a r‐cOmodule with coaction ηR, and Wc obtain the rう‐comodulcs given by
(4,1)     NP=И/f“,M'=υ評:N,αηんル 9χαθr dθ?ク?乃じ?・
0-→N身―窮呪 ―→ N,+1_→0.




The dcnnition of thc comOdule ν,give isc to thc short cxact scquencc
O一財屈 -4 Ar,一Ъν,一→ 0 1Иχ=χ/υ“)。





where δ is thc boundary homomorphis14.
In this scction wc dcterminc the structure of打lArをby ?rtue of the following
LEMMA 4.4.Lすち:rf町打 士→ 打たν i b9サル 麗η 肋 (4.3)αη′B α ttκじど∫ク麗 げ サル
た(η)*む"bttο





This is proved in the samc manncr as[12,Lcmma 3.9]using[2,(3.12)].





ζ3and ι:=fOr,=0,l and 2.
Proposition 2.18 shows that
Cs/1=υき/υ2and G(spう=χyυびりfOr p/S and,≧1












Observing the cxact scquencc(4.3)with thC above rcsults(4.5)and (4.6)bringS thC
following









(4.8)          
サ(sp./1)=υytヶ:虫'/υ2 'η′ζ("/1)=υとζ3/υ2
カr89/(1.3).
Now we dcane thc elemcnts χ(脇方),?(陶/ブ),ψ(附/ブ)and ζ(陶/」)Of ΩlMちfOr附∈z and
デ≧l WhiCh Cqual to thosc of 14.8)ifブ=1,and somc of which will give the gcnerators
of打lM」.
The Chromatic El‐term汀lM」
(4.9)              χ(,p-1/ブ)=υ∵~Pβυ3/鬼;
(4.101      ?(ケ/J)=υγl(υ3ι:+ιυ2Cιち)/υち           if P/ι(ケ 1ー)ぅ
?|り+1/ブ)=Чttυち              if p才乃(η-1),
?(,p:+9(J)/ブ)=/1ωι+1/υち―傷ズ子とTlPI+1,cc+1/υち~alll for!≧2,
9("pJ+1/ブ)=ズlZ/υち+ク/1≧:lPち,1/υち~αO     for cvcn J≧2ぅ
?(クpι+1/ブ)=ズ!Z/υち+クχ子≧三lPち,。/υち~α①




?(ψr/ブ)=σヶズr/υち+脇rケυζr,DP2,ct+1/鬼~b°)十p+l for r=3 or≧5,




ψ(砂pど+p2+1)pr/ブ)=ズI+ιβ/″+1/υち           fOr′≧2;and
(4,12)            ζ(spr/ブ)=/,ζ:r+1/鬼,
IIere
“
メ=l if r=3 or cvcn≧4,and=2 if r is odd≧5.
By deanition wc can casily vcrify the fonowing
LEMMA 4.13. 】θ′ιυ?r/αbOυぞ ?ル/ηθ乃√ξ(陶/ブ)プbr ξ=χ,?,ψ,力′ ζ,
υちlξ(駒/ブ)=ζ(陶/1),
リカたんなヶル θル陶?肪げ(4.8).
Then thc results of§§2-3 imply
PROPOSITION 4.14. Lすδ:Frlνち→ 打2ν:=打2И3/プ(1)bθ rルbο夕η71vリカθttοttοr―
p力ね陶 力 (4,3)(see(3.2)ヵrテね r,η,9)・ Л9′ どカゼθル陶ぞ刀ぬ ヵ (4.9),(4.10),(4.11),η′(4.12),







































Herc wc noticc that the sil■bol`/'dOCS nOt incans thc fraction and thc right hand
sidc of`/' in Cach clemcnt dcnotes thc intcgcr of(1.5).
PROOF.SinCe δ is dcancd by δX=ぞ1(冴1受)fOr tt With υ3支=χ,
δζ(陶/J)=,Jl(冴lζ(用/デ+1)}fOr ζ=χ,9,ψ and ζ・
Noticing that(冴lx/υち)=91X)/υち and(冴lχ)/υち=ノυち if'lX=ノmod JO)。SinCe
'Oυ
3=υ2ケ:2_υttιl mOd r2 by(3.12),wc haVe冴。υ∵
~″
=O mOd J(p)by thC binomial
thcorcm and'lβυ3=~υ二
~lb2■10dデ(p)by Lcmma 3,17,which shows thc cquality l.
Turn to the cqualitics of 2.We computc 冴lυζケ:/υ】=′υτlι:2①ヶ:/υ:
The Chromadc El‐term ff  ν】
+0・T朗 れ 凱d中な 切 巧 判 ‐ カダ ぽ 餅 り 嶋 す Υ 釧 屁 町
(2.2)and(3.12). ThuS WC Obtain thc arst cquality of 2 by rcfcttng thc dcanition(3.3)of
lc′.  The second one follows inllncdiatcly from Lcnllna 3.13,  We furthcr scc that
冴1/子ω:+1/υびり+2="υγにガlヶ:①ω:+1/υち+2~19T+虫′~均フσ1/υ2
for evcn′≧2 and
冴ⅢrttωJ+1/υびり+3=傷υダ メーlヶl ① ωl+1/υB―υT:+駅:~2)″b1/υ2
1or odd I≧≧3 by(2.2), PropOSitions 2.18 and 3.24, and
―
"冴
1ズ子とTlP子+1,1/υち=-21傷υ∵にメ 1+?01)″σ1/υ2~(~1/,υ∵にメー lι:① ωl+1/υを




for odd `≧3 by Lcinma 3.10,Thc dcnnition (3.23)showS ωι+1=(-1メリ|+1






















from Lc■Hna 3.10, and obtain
―ク冴1/子とT″βズι 1/υびり~'C~1)=傷υTにメib1/υち~1
from lcmma 3.17 and thc fact that冴。ズι_1三υγ:~1)υゴ
1~メ2ヶ:mOd J(α(1-1)+p)
shown by Proposition 2.18 with α(′)一,(`- )=pα(ケー1)一α(′-1)十p-1.Thcsc
cqualitics shows thc nfth and sixth oncs. Noticc that wc havcレ,Ъ三―υJ″
~lι
:2ηRυ4
+υJPιち2 mOd f3 by(2.8),and ρズ1≡υ2υ:~1''Ъ mOdゴ(2)by PrOposition 2.18 and
(3.15).Thcn it f01lows from Lcmma 3.17 that
冴lσrχ1/υち+2=_ヶυ71(υξpιち2_υJ″_1ケ:2ηRυ4)①才1/υ2+2 1ιυ?~2ι:2①暗/υ2・





Thcrcfore we obtain the seventh.Thc eighth follows from Lcmma 3.17 since we havc
?/2=υヨυζ21ォ2 and'0/1~1三υちυζιl mOd J(p+1)by PrOposition 2.18,and the ninth









for cven/≧6,sincc?χr三翻rυ琴→ at)~″-l wtt and冴。ズ:fl=O mod」(b(r)一,(r)-1),
where wc notc that,(r-1)=b(r)一,(r)-1, Now thc last two cqualitics in 2 follow
fronl thc abovc cqualtics and Lcnlina 3.10.












for even r≧2 and
,l Ts/r+1/υち'lrlク+3=s(s+1)グy-22+P_lιl ①(“r+lυ∵+1)wち)/υB
for odd r≧3 from Proposition 2.18,Lcmma 3.17 and(2,11)WC furthcr computc
―
↑ちり



















Ъ +lS(S+1)冴lυyr 2pr iPち,。/?B=刑r+lS(S+1)υyr 2′
″~二
(―υちう1-ιl ① りち)/υB・
Combining thcsc equahties lcads us to thc arst four Of 3.  Thc othcr onc follows
inllncdiatcly from Lenllna 3.17 and Proposition 2.18.
Thc cquality in 4 follows also from Proposition 2.18,sincc wc gct冴lζ:r十
二=0
mOd」(pr+1)frOm thC binomial theorcm.                      q.c.d.
PROOF OF THEOREM A.  All thc clements in Proposition 4,14 arc lincarly indcpcndcnt
by(3.2)and hCncc thc thcorcm follows from icmmas 4,4 and 4.7 by sctting
χ(rcl=χ(lcp-1/p-1),?(た)=Ψ(た/九(た))ぅ
ψ(り=ψ(た/μ(た)) α力′ζ(た)=ζ(た/あ(た)), q.c.d.
§5. Application to the stable homotopy
ln this scction、v  assumc thc pri14e p≧7.  Let s dcnotc thc sphcrc spectrunl,and
7(0), 7(1)and 7(2), the COflbers of thc maps pGπoS, α∈[7(0),7(0)]T and
β∈[7(1),7(1)](P+1)T'reSpectivcly.Hcrc c=2p-2,α dcnotcs the Adams map and β
the map givcn in[13]. Thcn thC mapッG[7(2),7(2)]?(3ヵWith BP*7=υ3CXiSts by
[14],  and  g?CS  thc  7-色mily {ット]=デ27S'2) Of [/(1),7(1)]*  WhCrc
ブ2G[7(2),7(1)]_(P+1)T-l and'2C[7(1),7(2)]。arC thC Canonical maps. Lct,G冗07(1)
dcnotcs the canonical map,and we have the 7-family{7i司=ッ巨]テ}Of π*7(1)COnsidCr
thc Adams‐No?kov spectral scqucncc convcrging to π*7(1), WhOSC E2‐term is
打*N9.In thc E2‐tCrm we dcanc hc 7‐cl mcnt according to[2]by
ツ1刺=δ′υも/υ2 fOr υζ/υ2C Ir°Nを
for thc boundary homomorphism δ′associatcd to thc short cxact scqucncc O―→NB
与 MB―→Nち―→0,WhiCh survivcs to ttc samc named clcmcnt of π*7(1)。Simila』y
wc have the β‐family{βs=ブS'}Of π*S fOr hc canonical mapデG[7(1),S]_¢_2,and Of
thC E2‐term surv?ing to the same namcd map.For thc βぃfamily of E2‐tCrrμ we hav
(5.1)[5,Lc■llna 4.4] βs=三sυら~lbO+(】
)υ
ら-2た。 mOd r2 fOr S>0.
TIIEOREM 5,2. Lθど ′ αη″ ∫ う? ηοηぃηθσαガυθ カカσゼ州 リカカpttS>0. T力θη 力 rθ
力οttο′9pノクrο″pπ*/(1),
7isP,]βl≠0ア′ねθυθη ο′ρttS+1,α刀′
7仁pr]β2≠0 プ′≠0,2 οr p2才S tt p+1.
PROOF,  SinCc the nltration of thcse elements is thrce, nothing kills the■l i  the
Adams‐No?kov spcctral scqucncc convcrging to π*7(1).ThCrcforc wc provc thc non‐





which has two cxact rows associatcd to thc short oncs in thc abovc and §4
rcspcctivcly.九 is thc localization map in(4.1).Put CBl=υyrb。/υ2 and CB2
=υyrん。/υ2・ ThCn wc scc that
λGBl≠O if r is cvcn or p/s+1,and
九GB2≠O ifr≠0,2 or p2/s+p+1,
since thcse do not bclong to lm δ by Proposition 4.14 and Thcorcm A.  Furthcr140re
we sec that lm√is gencratcd by b々/υち(た=1,2)and ιど①Z/υち(,=0,1)fOrブ≧l by
[7,Th.2.4]and(3.7).ThcrCfOrc G】たギIm/by L mma 3.10, and so 7isPttβた
=δ′G】κ≠O if r and s satisfy the abovc condition.                   q.c.d.
wc dcnnc thc 7‐clcmcnt 7缶P/郷砂>0)Of冗*7(1)by thc composition S―→L2=4L2
-→7(1)fOr thC Spcctrum L2 SuCh that
BP*L2=BP*/J(2),
and thc mapデgiVen in[4,Th.4.2]which induccs
デ*=υ:IBP*/プ(2)一→BP羊/デ(2),




in the E2‐tCrm by(5,1).It iS known from the Geomet?c Boundary Th rcm[1]that
thcsc clcmcnts surv?e to the clcmcnts in π*7(1)Of Samc namc,Thcrcforc we havc
COROLLARY 5,4. L?′rα刀″ ∫ bθ クο∫カカι ttr?σじ′d I17カカ pttS.η′θ 力 π*7(1),
7仏pr/2]βl≠0アrねどυ?η οr ptts+1,αη″
7ispr/21β2≠0≠γispr/2]β3 アr≠2ο′p2/rd+p+1.
Furhcrmorc, υζβ2/υを=2υζb。/υ2+υζた0/υち by(5。1), whiCh is non―trivial by
Proposition 4.14 and Thcorcm A.  Thus in a samc way as Thcorcm 5.2夕 wc obtain





Thc localization map tt also induces the map免:汀lNを→ 打lνちand WC havc the
monomorphism δ:IrlNち→ π2NB at pOSitivc dcgrcc.Furthermorc αl=才1 1■
,lBP*(丁[2])Thcn Lemma 4,7 similarly implics thc following
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